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Let H = (n1,...,ne) = {A\in1+Aana+- - +Aene | A1, A2, ..., A\e € N} be an e-generated
numerical semigroup, which is a submonoid of N = {0,1,2,...} with §(N\ H) < oo.
Consider the numerical semigroup ring R = k[H] of H which is realized as a subring of
the polynomial ring k[t], where k is a field. Let S = k[X1,..., X.] be the polynomial ring
with e indeterminates, and ¢ : S — R the homomorphism defined by X; + t™. We call
Iy = Ker ¢ the defining ideal of R. Understanding the generators of the defining ideal
Iy is closely related to the ring-theoretic properties of k[H].

To explain the background of this talk, we need some notation on numerical semi-
groups. For a numerical semigroup H, an integer « is called a pseudo-Frobenius number
of H,if « ¢ H and o+ h € H for every h € H \ {0}. PF(H) denotes the set of all
pseudo-Frobenius numbers of H. It is well-known that the graded canonical module Kz
of R is generated by {t~*}.cpr(m) as an R-module (see [2]). Hence the Cohen-Macaulay
type of Ry is equal to § PF(H), where M is the graded maximal ideal of R.

The following conjecture posed by Cuong-Kien-Matsuoka-Truong (see [3, 4]) suggests
that PF(H) controls the generation of the defining ideal I of R = k[H].

Conjecture 1. The following conditions are equivalent.
(1) Iy is generated by the 2minors of a homogeneous 2 X e matrix over S.

(2) After a suitable permutation of generators of H,

X0 xf o Xt
IH = IQ X;nQ X§n3 o X,lml .

(3) PE(H) forms an arithmetic sequence of length e — 1, that is PF(H) = {h 4+ a,h +
2a,...,h+ (e — 1)a} for some h >0 and a > 0.

In this talk, we will provide a partial answer to this conjecture. To state our main
result, we need one more notation. Let H be a numerical semigroup and H, be a subsemi-
group of H. We do not assume that Hy is numerical; in other words, we do not require

t(N'\ Hp) < oco. We put
Ap(H,Hy) ={h € H|h—h' ¢ H for all W' € Hy}

and we call it the Apéry set of H with respect to Hy. Then the following is the main
theorem of this talk.

Theorem 2 (Main Theorem). Let §,v € {ni,na,...,n.} and put Hy = (6,7). Suppose
that

(*) Ap(H, Ho)\{()} = {nl,ng,...,ne}\{é,v}.

Then the following are equivalent.



(1) After a suitable permutation of generators of H,
X OXP Xz oo Xeo X
In=L{xm x, x X, Xxm
2 3 Kgo oo e 1

for some £y, 0y, mq1, Mo > 1.

(2) PF(H)={h+a,h+2a,...,h+ (e — 1)a} for some h >0 and o > 0.

Another important notion in this talk is that of stretched numerical semigroups. We
begin with the classical definition of stretched local rings posed by J. Sally [5].
Definition 3 ([5]). Let (A, m) be an Artinian local ring. We say that A is stretched, if
m? = (0) or m? is a principal ideal.

Definition 4 ([1]). A numerical semigroup H is stretched, if there exists 0 # f € k[[H]]
such that E[[H]]/(f) is stretched.

Notice that k[[H]] = k[[t™,t"2,...,t"]] is realized as a subring of the formal power se-
ries ring k|[[t]]. Hence k[[H]] is a local ring. This definition is motivated by the expectation
that stretchedness of H should correspond to stretchedness of k[[H]].

Theorem 5. If H is stretched, then H satisfies the condition (x) in Theorem 2. When
PF(H) forms an arithmetic sequence of length e — 1, we have
XhoXE Xy oo Xe, X,
IH - 12 mi
Xo X35 Xy - X. Xj
for some 01,03, mq > 1, after a suitable permutation of generators of H.
In this talk, we will
e summarize the known results around Conjecture 1 and clarify how our result ad-
vances the current progress,

e present further classes of numerical semigroups satisfying (*), and

e investigate, under the condition (x), which elements f € k[[H]|] make k[[H]]/(f)
stretched.
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